This paper concerns the dissipativity of nonlinear Volterra functional differential equations (VFDEs) in Banach space and their numerical discretization. We derive sufficient conditions for the dissipativity of nonlinear VFDEs. The general results provide a unified theoretical treatment for dissipativity analysis to ordinary differential equations (ODEs), delay differential equations (DDEs), integro-differential equations (IDEs) and VFDEs of other type appearing in practice. Then the dissipativity property of the backward Euler method for VFDEs is investigated. It is shown that the method can inherit the dissipativity of the underlying system. The close relationship between the absorbing set of the numerically discrete system generated by the backward Euler method and that of the underlying system is revealed.
Introduction
Many dynamical systems are characterized by the property of possessing a bounded absorbing set where all trajectories enter in a finite time and thereafter remain inside. Such systems are called dissipative. Dissipativity means that the eventual time evolution of solutions is confined to a bounded absorbing set. In the study of numerical methods, it is natural to ask whether those discrete systems preserve the dissipativity of the continuous system.
Since the s considerable process has been made in dissipativity analysis of numerical methods. The papers [-] focus on the numerical methods for ordinary differential equations. For the delay differential equations (DDEs) with constant delay, sufficient conditions for the dissipativity of analytical and numerical solutions are presented in [-] . Since that, the analysis is extended to DDEs with variable lags [, ] and Volterra functional differential equations [-] .
The dissipativity analysis of numerical methods for VFDEs in the literature was limited in Euclidean spaces or Hilbert spaces. The aim of this paper is to investigate the dissipativity of nonlinear VFDEs in Banach space and their numerical discretization.
The main contributions of this paper could be summarized as follows.
(a) Sufficient conditions for the dissipativity of nonlinear VFDEs in Banach space are derived. The general results provide a unified theoretical treatment for dissipativity analysis to ordinary differential equations (ODEs), delay differential equations (DDEs), integrodifferential equations (IDEs) and VFDEs of other type appearing in practice. In particular, the theory covers the existing dissipativity results of DDEs with a wide variety of delay arguments such as constant delays, bounded and unbounded vary delays, discrete and distributed delays and so on.
(b) It is proved that the backward Euler method can inherit the dissipativity of the underlying system. Theorem . and Theorem . show the close relationship between the absorbing set of VFDEs and that of the numerically discrete system generated by the backward Euler method. It implies that the radius of the absorbing set of the discrete system approaches to that of the underlying system as the stepsize approaches to zero. On the contrary, most of the existing dissipativity results of numerical methods for VFDEs are independent of the size of the absorbing set of the underlying system. This paper is organized as follows. In Section , some basic concepts for nonlinear VFDEs in Banach space are presented. In Section , some sufficient conditions for the dissipativity of nonlinear VFDEs are given. In Section , it is shown that the backward Euler method can inherit the dissipativity of the underlying system.
Some concepts
Let X be a real or complex Banach space with the norm · . For any given closed interval I ⊂ R, let the symbol C X (I) denote a Banach space consisting of all continuous mappings x : I → X, on which the norm is defined by x ∞ = max t∈I x(t) .
Consider the following initial value problem (IVP) []:
→ X is a given continuous mapping satisfying the conditions
where
Here α(t), β(t), γ (t) are continuous functions, μ  (t) and μ  (t) satisfy
We always assume that problem (.) has a unique solution on the interval [a -τ , +∞). Condition (.) implies that the mapping f (t, ψ(t), ψ) is independent of the values of the function ψ(ξ ) with t < ξ ≤ b, i.e., f (t, ψ(t), ψ) is a Volterra functional. For simplicity, we use the symbol A(α, β, γ , μ  , μ  ) to denote the problem class consisting of all problems (.) satisfying condition (.).
For the special case where X is a Hilbert space with the inner product ·, · and the corresponding norm · , condition (.) is equivalent to
The dissipativity analysis of (.) can be found in [, ].
Dissipativity of nonlinear Volterra functional differential equations
The evolutionary equation (.) is said to be dissipative in X if there is a bounded set B ⊂ X such that for all bounded sets Ψ ⊂ X there is a time t  = t  (Ψ ) such that for all initial functions ϕ(t) contained in Ψ , the corresponding solution y(t) is contained in B for all t ≥ t  . B is called an absorbing set in X.
Lemma . Equation (.) implies that γ (t) ≥  and β(t) ≥ .
Proof Setting u ≡  in (.) we obtain
it is easy to find a function ψ ∈ C X [a -τ , +∞) which satisfies
which contradicts (.). Therefore, β(t) ≥ .
For a continuous real-valued function y(t) of a real variable, the Dini derivatives D + y(t)
and D -y(t) are defined as
, and
where ψ(t) is bounded and continuous for t ≤ a, continuous functions γ (t) ≥ , β(t) ≥  and α(t) <  for t ∈ [a, +∞), τ (t) ≥  and
Then, for any given > , there existst =t(G, ) > a such that
Proof The last two inequalities of (.) imply that (.) and (.) of [] hold. The conclusion follows from Theorem . of [] directly.
Theorem . Suppose problem (.) ∈ A(α, β, γ , μ  , μ  ) and that
Then, for any given > , there existsť =ť(φ, ) such that
where γ * = sup t≥a γ (t),φ = sup t≤a ϕ(t)  . Hence the system is dissipative with an absorb-
Proof By the definition of Dini derivative, we have 
Therefore, u (t) exists, and
Using condition (.), we have
that is,
The desired result follows from Theorem .. The proof is complete.
Remark . Specializing Theorem . to Hilbert spaces, we can obtain the corresponding result which is in accordance with that obtained in [] .
Remark . Specializing Theorem . to DDEs in Hilbert spaces with constant delays and α(t) ≡ α, β(t) ≡ β, γ (t) ≡ γ , we can obtain the corresponding result which is in accordance with that obtained in [] .
Remark . Specializing Theorem . to ODEs in Euclidean spaces with α(t) ≡ α, γ (t) ≡ γ , we can obtain the corresponding result which is in accordance with that obtained in [] . 
Dissipativity of the backward Euler method
For simplicity, from now on we assume that
Theorem . can be rewritten as follows.
Then, for any given > , there existť =ť(φ, ),φ = sup t≤a ϕ(t)  such that
The backward Euler method applied to (.) gives
where π h is an appropriate interpolation operator which approximates to the exact solu-
, h >  is the stepsize, y n is an approximation to the exact solution y(t n ) with t n = a + nh. Noting that the backward Euler method for ODEs is of order one, we can use the following piecewise linear interpolation:
Let {y n } be the sequence of numerical solutions obtained by (.)-(.). Then, for any given > , there exists n  = n  (φ, ) such that
Proof It follows from (.) that
Using (.), we have
It follows from (.) and (.) that
In view of (.), we have
where we used the following inequality:
A combination of (.) and (.) leads to In the case of (a), it follows from (.) that
In the case of (b), it follows from (.) that
To summarize both of the two cases, we have shown that
